We numerically study the real space-time dynamics of magnon pairs in the two-dimensional antiferromagnetic Heisenberg model after short perturbations of the exchange interaction. Analogous to the dynamics following quantum quenches in one dimension, we find ultrafast light-cone like spreading of quantum spin correlations. Interestingly, the spreading speed is larger than can be expected from the highest magnon or spinon group velocities. Opposed to results in one dimension, the evolution of entanglement is not directly linked to the spreading and dictated by the coherent dynamics of nearest neighbour correlations. We show that this enables coherent control of both phase and amplitude of entanglement oscillations. All results are obtained with the recently proposed neural quantum states.
Introduction. The possibilities of using magnons, the quanta of spin waves, as an information carrier stimulated the rapidly developing research field called 'magnonics' [1, 2] . The potential advantages of magnons stem from their small intrinsic damping [3] , which enables information transport at much lower energy dissipation than feasible with state-of-the-art electronics. The smallest and fastest possible magnonics becomes accessible by using magnons with the smallest wavelength, ultimately as small as the distance between two magnetic atoms. For such magnons, the oscillation frequency is determined by the exchange interaction, the strongest interaction of magnetism, giving access to coherent magnon dynamics at the femtosecond time scale.
From spontaneous Raman spectroscopy it is wellknown that pairs of short wavelength magnons with opposite momentum can be excited with optical fields [4] [5] [6] . Moreover, recent experiments have shown that femtosecond optical perturbations of the exchange interaction in prototypical antiferromagnets can trigger ultrafast coherent dynamics of short wavelength magnon pairs in the time domain [7] [8] [9] [10] . Unlike the single magnon excitation by current or magnetic fields, exciting pairs of magnons simultaneously generates magnon entanglement and the resulting spin dynamics has therefore no classical counterpart. This suggests potentially new avenues for both classical and quantum information processing that is intrinsically fast, small and energy efficient. However, despite that propagation of long-wavelength magnons has been widely studied [11] [12] [13] , rather little is known about the propagation of such magnon pairs and the corresponding dynamics of entanglement.
In recent years important insights into the relation between entanglement dynamics and spreading of quasiparticles have been obtained in the context of quantum quenches in one dimensional systems. Due to a widely accepted semi-classical approach pioneered by Calabrese and Cardy [14] , the dynamics at early times can be understood as ballistic propagation of quasiparticles which, as they move, entangle spatially separated regions of the system. For locally interacting systems, a Lieb-Robinson bound holds for the propagation of information [15] . This determines a light-cone type spreading of correlations analogous to what is known from relativistic systems. Moreover, in one dimension, this correlation spreading leads to a consequent increase of entanglement at early times [16] [17] [18] [19] [20] [21] . However, studying quantum dynamics in magnetically ordered systems as accessible by stateof-the-art ultrafast spectroscopy experiments [22] [23] [24] [25] [26] requires to go beyond one dimension as well as to include massive entanglement already in the ground state [27] . In such situations the relation between the spreading of correlations and the evolution of entanglement is unknown.
Here, we address this issue by studying the twodimensional Heisenberg antiferromagnet, which is the minimal model that captures the dynamics of magnon pairs [7, 8, 10] . We solve this model numerically using the recently proposed Restricted Boltzmann Machine (RBM) ansatz of [28] up to systems with N = L × L = 256 spins. Specifically, we determine how and how fast quantum spin correlations spread and we link this to the propagation of magnon pairs. Moreover, we determine how the dynamics of spin correlations relates to the dynamics of the entanglement entropy and verify our findings by studying their coherent control.
Model and method. We study the antiferromagnetic Heisenberg model on a square lattice with N = L × L spinsŜ i =Ŝ(r i ), with r i = (x i , y i )
where J ex is the exchange interaction (J ex > 0) and · restricts the sum to nearest neighbours. The focus is on the dynamics initiated by a time-dependent perturbation of the exchange interaction [29, 30] , which models the setup of Impulsive Stimulated Raman Scattering [4-8, arXiv:1912.10845v1 [cond-mat.str-el] 23 Dec 2019 10] . In particular, we consider the following perturbation term
where e is a unit vector that determines the polarization of the electric field of the light pulse which causes the perturbation and δ δ δ connects nearest neighbour spins. In the following we set = 1.
To simulate the real-time dynamics following Eq. (2) we adopt the recently introduced many-body approach inspired from machine learning [28] . This approximates the wavefunction of the system with a RBM which can be expressed as
Here S z i = {± 1 2 } correspond to the physical spins and {a i , b i , W ij } are complex coefficients that parametrize the many-body wavefunction. The number of variational parameters is N var = α × N 2 + α × N + N , with α = M/N . These are trained by means of variational Monte Carlo techniques to simulate the ground state and time-dependent states of a given lattice Hamiltonian. In particular, unitary dynamics is addressed by employing the time-dependent variational principle [31] .
In a previous work we showed that the RBM ansatz can reproduce the ground state properties of Eq. (1) and the dynamic properties under Eq. (2) with high accuracy [32] . Here we adopt the same protocol approximating the time-dependent change of the exchange interaction as a square pulse with height ∆J ex and temporal width t pulse . Unless stated differently, we use ∆J ex = 0.1J ex and t pulse = 0.8/J ex and we set e along theŷ-direction of the lattice. Our numerical simulations always start from the ground state of Eq. (1) obtained at J ex = 1. All the results are obtained using the ULTRAFAST code [32] .
Results. Harmonic magnon theory predicts that the perturbation Eq.
(2) generates pair of counterpropagating magnons, the so-called two magnon modes [7, 8, 10] . Due to a Van Hove singularity at the zone-edge of the magnon dispersion, most of the magnons excited have short wavelength and nearly zero group velocity. To address the propagation of such two-magnon modes and how their localized character affects the dynamics, we first investigate the time-evolution of non local spin-spin correlation functions where i, j ∈ {1, L}. Fig. 1 shows different snapshots in time of the correlator C(r c , r j ), where c is the index site of the spin at the center of the lattice, and j spans all the surrounding spins in a 12 × 12 lattice. The figure reveals a propagation pattern at very small time scales with a wavefront which is highly anisotropic. A clear difference between thex andŷ directions of the lattice emerges, which is expected since the perturbation term Eq.
(2) breaks the four-fold symmetry of the lattice. We ascribe the absence of propagation along the diagonals of the lattice to interference effects, which we found to be dependent on the lattice size (data not shown). We note that after t ∼ 1.6/J ex the wavefront reaches the lattice boundaries and the subsequent spreading, dominated by finite-size effects, is not considered.
In order to extract the speed of the correlation spreading, we consider the speed at which the maxima of Eq. (4) propagate with time as a function of the distance between i and j. We focus on the correlations along thex direction, where the spreading is most pronounced. According to the quasiparticle picture [14] , this value has to be compared with twice the group velocity of the fastest quasiparticles in the system, the k = 0 magnons, corresponding to 2 v g k=0 ∼ 3.33 aJ ex [33] . Similar supersonic v * have been observed before in bosonic systems [34] and can have several possible origins: (i) single magnon frequencies can be affected by the perturbation term Eq. (2) and by (ii) additional magnon-magnon interactions; (iii) finite size effects; (iv) potential other quasi-particles generated in the excitation process [35] . In any case, we note that the speed thus obtained corresponds to 10 3 − 10 4 m/s for prototypical antiferromagnets, which ensures ultrafast spreading on the femtosecond time scale and is in the same range as found for lightcone spreading in 1D Heisenberg models [29, 36] . The results above are obtained by keeping the perturbation on throughout all the dynamics and this corresponds to a global quench of J ex along e =ŷ. For the short-time dynamics here considered, this closely resembles the square pulse protocol adopted in [32] , that we further explore below.
Next we investigate how the entanglement is affected by the propagation of two-magnon modes and consider the second order Renyi entropy between two complementary partitions A and B Here instead we exploit that Trρ 2 A can be expressed as the expectation value of a swap operator between two copies of the system which can be easily computed with Monte Carlo techniques [37] . In the following, we cut the lattice into two equivalent regions A and B, where the cut is along thex direction of the lattice. Fig.  3 (a)-(b) plots the time-evolution of S A ≡ S 2 (ρ A ) in the 4 × 4 and 16 × 16 systems. The result for 4 × 4 is benchmarked against Exact Diagonalization (ED), showing excellent agreement until late times. Regardless of the system size, two striking features emerge: (i) the presence of coherent oscillations; (ii) the lack of any apparent growth of entanglement. Both of them suggest that thermalization does not occur in the systems simulated here. This is in stark contrast with the common setting of postquench dynamics of one dimensional systems where the dynamics usually relaxes to a larger entropy state [39] . In the present 2D case, instead, we observe that the entanglement dynamics remains localized and dominated by the nearest neighbour spin correlations. Specifically, from Fig. 3(c)-(d) it is found that the two quantities are directly related. Our findings do not contradict the semi-classical picture of [14] : in our case the spreading is carried by high velocity quasiparticles. Their contribution is sub-dominant with respect to that of zone-edge magnons which dominate the dynamics of the entanglement entropy. A possible growth of the entanglement entropy may therefore be hidden by the zone-edge dynamics. We also notice that the behaviour of S A suggests that the magnon-pair dynamics is inherently quantum, contrary to the long wavelength single magnon dynamics for which no entanglement dynamics is expected at the leading order in the perturbation. This reinforces the previous findings that magnon pair dynamics has no classical counterpart [10] and is therefore a truly quantum phenomenon of antiferromagnetic materials.
To further support this and the relation between S A and C(r i , r i+1 ) we demonstrate that the dynamics of the entanglement entropy and the nearest neighbour correlations can be coherently controlled simultaneously. In particular, we show that it is possible to (i) enhance or reduce their oscillation amplitude by adding a second pulse and tuning the delay between the two pulses; (ii) reverse the phase of the oscillations by rotating the polarization of the pulse.
Coherent control of the oscillation amplitude can be achieved by perturbing the system with a double (square) pulse and tuning the delay τ between the first and second pulse. This is shown in Figs. 4(a)-(b) , where the dynamics of C(r i , r i+1 ) and S A for τ = 0.4/J ex and τ = 1.6/J ex is compared with the dynamics initiated by a single pulse. In particular, we notice that with a delay τ = 0.4/J ex , only one frequency mode survives in C(r i , r i+1 ) and S A , while for τ = 1.6/J ex the lower frequency mode is enhanced. The latter is most apparent in Fig. 4(c) , where the Fourier transform of S A for different delays τ is plotted. Furthermore, phase control can be achieved by rotating the pulse polarization, as shown in Fig. 4(d) , where the polarization is rotated from e =ŷ to e =x. This results into a π shift of the phase both for S A and C(r i , r i+1 ). Data are shown only for L × L = 8 × 8, but similar results holds for smaller and larger systems.
Conclusions. In this work we addressed the nonequilibrium dynamics of the antiferromagnetic Heisenberg model on a square lattice. We showed that spin correlations spread slightly faster than the highest magnon velocity, which for prototypical antiferromagnets is of the order of 10 3 − 10 4 m/s, thus ensuring an ultrafast ballistic propagation of quasiparticles on nanometer length scales and femtosecond time scales. Contrary to what is known from post-quench dynamics in spin chains, the entanglement entropy shows coherent oscillations with no net increase over the initial value. Although a similar oscillatory behaviour was reported in one and two dimensional spin systems in the presence of confinement [40, 41] , in that case the entanglement growth was hindered by the suppression of correlation spreading which we did not observe in the magnon-pair dynamics.
Furthermore, we demonstrated an ultrafast and coherent control of both the entanglement entropy and nearest neighbour correlations, which we showed to be possible both by rotating the linear polarization of the optical field and by timing subsequent optical excitation pulses.
Beyond what was observed experimentally in [8] , where the coherent control was attributed to the longitudinal evolution of the antiferromagnetic order parameter, this suggests a potential route to ultrafast optical control of entanglement and spin correlations on nanometer length scales. To the best of our knowledge, these relations between the dynamics of spin correlations and coherent entanglement evolution have not been reported before.
We note that, so far, the magnon-pair dynamics has only been addressed in the linear response regime and still relatively small system sizes. Studying even larger systems sizes and driving the system stronger out of equilibrium, may reveal new interesting phenomena where entanglement and quantum correlations play a prominent role. We leave such studies for further investigation.
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